Abstract. In this Chapter we propose two approaches in order to possibly obtain a few percent measurement of the general relativistic Lense-Thirring effect by suitably reanalyzing the data of some existing Earth artificial satellites. First, we present a method for determining corrections ∆J ℓ to some selected even zonal harmonic coefficients J ℓ of the multipolar expansion of the Earth gravitational potential in a way which would cancel out any influence of a priori assumed values of some general relativistic effects on the so recovered values of J ℓ . Here we focus our attention on the first three even zonal harmonics which are the most powerful in biasing the recovery of the gravitomagnetic effect. The adopted observables are three different linear combinations of the orbital residuals of the nodes Ω of the laser-ranged geodetic LAGEOS, LAGEOS II and Ajisai satellites and of the perigee ω of LAGEOS II. They allow to measure ∆J 2 , ∆J 4 and ∆J 6 simultaneously and independently of each other and of the gravitomagnetic force itself. It turns out that, by using the very preliminary GRACE-only GGM01S solution as reference gravity model, the obtainable accuracies for J 4 and J 6 might be better than those from the present-day Earth gravity models EGM96, EIGEN2 and GGM01S. It should be not so for J 2 due to a large number of uncancelled perturbations which would affect the combination proposed for determining it. Moreover, since the so obtainable values for the first three even zonal harmonics are, by construction, free from the so called Lense-Thirring 'imprint' as well, they could safely be used in order to assess reliably the total error budgets in the measurement of the Lense-Thirring effect by means of some already proposed linear combinations of orbital residuals of LAGEOS and LAGEOS II. It turns out that the systematic error due to the even zonal harmonics of geopotential, calculated in a conservative way, is less than 10% for the combinations which combine together the perigee of LAGEOS II and/or the nodes of the LAGEOS satellites. Second, we propose to analyze the data of the existing radar altimeter Jason-1 satellite, together with those of the LAGEOS, LAGEOS II and Ajisai SLR satellites, in order to set up a linear combination built up of their nodes. It would allow to measure the gravitomagnetic effect with a 4-5% systematic error over a time span of a couple of years, provided that the non-gravitational perturbations on Jason-1 are suitably accounted for.
Introduction
In this Chapter we wish to show the interplay and the close relation between Earth space geodesy and the General Theory of Relativity (GTR). In particular, we will propose a possible method for the determination of certain selected even zonal coefficients of the multipolar expansion of the Earth's gravitational potential (Kaula 1966) of low degree ℓ which could turn out to be greatly useful in improving the obtainable accuracy and reliability of some fundamental tests of GTR to be performed in the space environment of Earth by means of certain artificial satellites.
Some post-Newtonian relativistic orbital effects
Among such tests one of the most intriguing challenge is the detection of the gravitomagnetic Lense-Thirring drag of inertial frames (Ciufolini and Wheeler 1995) . The linearized weak-field and slow-motion approximation of the GTR is characterized by the condition g µν ∼ η µν + h µν where g µν is the curved spacetime metric tensor, η µν is the Minkowski metric tensor of the flat spacetime of Special Relativity and the h µν are small corrections such that |h µν | ≪ 1. Until now, many of its predictions, for the motion of light rays and test masses have been tested, in the Solar System, with a variety of techniques to an accuracy level of the order of 0.1% (Will 1993; . It is not so for the gravitomagnetic ‡ Lense-Thirring effect due to its extreme smallness. It can be thought of as a consequence of a gravitational spin-spin coupling.
If we consider the motion of a spinning particle in the gravitational field of a central body of mass M and proper angular momentum J , it turns out that the spin S of the orbiting particle undergoes a tiny precessional motion (Schiff 1960 ) with respect to the distant stars. The most famous experiment devoted to the measurement, among other things, of such gravitomagnetic effect in the gravitational field of Earth is the Stanford University GP-B mission (Everitt et al 2001) which has been launched in April 2004.
If the whole orbit of a test particle (see Fig. 1 ) in its geodesic motion around M is considered as a sort of giant gyroscope, its orbital angular momentum L undergoes the Lense-Thirring precession, so that the longitude of the ascending node Ω and the argument of pericentre ω of the orbit of the test particle are affected by tiny secular precessions (Lense and Thirring 1918; Ciufolini and Wheeler 1995; Iorio 2001a 
where a, e and i are the semimajor axis, the eccentricity and the inclination, respectively, of the orbit, c is the speed of light and G is the Newtonian gravitational constant. Note that the pericentre is also affected by another post-Newtonian relativistic secular effect, ‡ In the weak-field and slow-motion approximation of GTR the equations of motion of a test particle freely falling in the gravitational field of a central spinning body are formally analogous to those governing the motion of an electrically charged particle in an electromagnetic field under the action of the velocity-dependent Lorentz force (Ciufolini and Wheeler 1995) . In the gravitational case the role of the magnetic field is played by the so called gravitomagnetic field which is generated by the off-diagonal terms of the metric g 0i and whose source is the proper angular momentum J of the central body. There is no analogue in the Newtonian theory of gravitation according to which the gravitational influence of a body depends only on its mass and not on its state of motion. . Orbital geometry for a motion around a central mass. Here L denotes the orbital angular momentum of the particle of mass m, J is the proper angular momentum of the central mass M , Π denotes the pericentre position from which the true anomaly f , yielding the instantaneous position of m along its orbit, is reckoned, Ω, ω and i are the longitude of the ascending node, the argument of pericentre and the inclination, respectively, of the orbit with respect to the {x, y} reference plane of an asimptotically inertial frame and the azimuthal angle φ is the right ascension. The centre of mass of M is located at the origin of the {x, y, z} frame, its equatorial plane is the reference {x, y} plane and J is directed along the z axis.
i.e. the gravitoelectric Einstein pericentre advance given by (Einstein 1915; Ciufolini and Wheeler 1995) 
where n = GM a 3 is the Keplerian mean motion. Such an effect played a relevant role in the history of GTR because it was able to explain the anomalous perihelion secular advance of Mercury in the gravitational field of the Sun. It has recently been measured in the gravitational field of the Sun (Pitjeva 2001) with the interplanetary radar ranging technique and in many binary pulsar systems (Stairs et al 1998) at a 10 −3 −10 −4 relative accuracy.
The LAGEOS-LAGEOS II Lense-Thirring experiment

The currently performed test with the nodes of LAGEOS and LAGEOS II and the perigee of LAGEOS II
Up to now, the only attempts to detect the Lense-Thirring effect on the orbit of test particles in the gravitational field of Earth are due to Ciufolini and coworkers who analysed the laser data of the existing LAGEOS and LAGEOS II SLR (Satellite Laser Ranging) satellites over time spans of some years (Ciufolini et al 1998; Ciufolini 2002 ). In Fig. 2 the LAGEOS II satellite is depicted. The observable is a suitable combination Figure 2 . The LAGEOS II satellite. Launched by ASI/NASA space agencies at the end of October 1992, LAGEOS II is one of the best tracked satellites all over the world by the SLR technique. Spherical in shape (its radius is only 30 cm), passive (i.e., with no solar panels, instruments, engines or antennae for radio communications with the ground), the external aluminum surface is covered with 426 cube corner retroreflectors for SLR.
of the orbital residuals of the nodes of LAGEOS and LAGEOS II and the perigee § of LAGEOS II according to an idea exposed in (Ciufolini 1996) 
where the quantity µ LT is the solved-for least square parameter which is 0 in Newtonian mechanics and 1 in GTR. The residuals of the nodal and perigee rates δΩ and δω are determined by comparing these orbital elements at the end of two orbit computation arcs covering the same time span. These orbit computations consist of a precise orbit, which has been adjusted to fit the available tracking data, and a predicted orbit, starting from an initial state vector which it shares with the precise orbit, but for which the later states are based on integration of the classical force models, without adjustment to the tracking data. The residuals of the rate of change of the orbital elements is then calculated by dividing the difference between these two elements by the time span of the arc. The Lense-Thirring signature, entirely adsorbed in the residuals ofΩ andω because the gravitomagnetic force has been purposely set equal to zero in the force models, is in the measurement of the Lense-Thirring effect with the nodes of the LAGEOS satellites and the perigee of LAGEOS II only according to the EGM96 Earth gravity model up to degree ℓ = 70. (C) denotes the full covariance matrix while (D) refers to the diagonal part only used in a RSS way. A pessimistic upper bound has been, instead, obtained from the sum of the absolute values of the individual errors (SAV). In the fifth column the impact of the mismodelling inJ eff 2 over one year, according to (Deleflie et al 2003) , is quoted. The effective coefficientJ eff 2 accounts for the secular variations of the even zonal harmonics (see below). , is of the order of 20-30% (Ciufolini et al 1998; Ciufolini 2002) .
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The main source of gravitational errors is represented by the aliasing classical secular precessions (Iorio 2003) induced on the node and the perigee of a near Earth satellite by the mismodelled even zonal coefficients of the multipolar expansion of Earth gravitational field: indeed, they mimic the genuine relativistic trend. Eq.(3) is designed in order to cancel out the effects of the first two even zonal harmonics of geopotential which induce mismodelled precessions of the same order of magnitude, or even larger, than the gravitomagnetic shifts (Iorio 2003) , according to the Earth gravity model EGM96 (Lemoine et al 1998) . The results in Table 1 refer to the entire spectrum of the even zonal harmonics. The evaluation of the impact of the remaining uncancelled even zonal harmonics of higher degree on eq.(3) is of the utmost importance. According to a Root-Sum-Square calculation (Iorio 2003) with the full covariance matrix of EGM96 up to degree ℓ = 20 it amounts to almost 13%. However, according to the authors of (Ries et al 2003) , it would not be entirely correct to automatically extend the validity of the covariance matrix of EGM96, which is based on a multi-year average that spans the 1970, 1980 and early 1990 decades, to any particular time span like that, e.g., of the LAGEOS-LAGEOS II analysis which extends from the middle to the end of the 1990 decade. Indeed, there would not be assurance that the errors in the even zonal harmonics of the geopotential during the time of the LAGEOS-LAGEOS II experiment remained correlated exactly as in the EGM96 covariance matrix, in view of the various secular, seasonal and stochastic variations that we know occur in the terrestrial gravitational field and that have been neglected in the EGM96 solution. Of course, the same would also hold for any particular future time span of some years. If, consequently, the diagonal part only of the covariance matrix of EGM96 is used, the error due to geopotential, calculated in a Root-Sum-Square fashion, i.e. by taking the square root of the sum of the squares of the individual errors induced by the various even zonal harmonics, amounts to almost 45% (Iorio 2003) . A really conservative upper bound of the error due to geopotential is given by the sum of the absolute values of the individual errors for the various even zonal harmonics. For EGM96 it amounts to 83%. Note that in the EGM96 solution (and in the previous Earth gravity models like JGM3 (Tapley et al 1996) ) the recovered even zonal harmonics are highly correlated; in fact, it is likely that the optimistic 13% result obtained with the full covariance matrix is due to a lucky correlation between J 6 and J 8 (Ries et al 2003) . Then, in this case, the sum of the absolute values of the individual errors should represent a truly realistic estimate of the impact of the misomodelled even zonal harmonics of geopotential.
Another important class of systematic errors is given by the non-gravitational perturbations which affect especially the perigee of LAGEOS II. For this subtle and intricate matter we refer to (Lucchesi 2001 (Lucchesi , 2002 (Lucchesi , 2003a (Lucchesi , 2004 Lucchesi et al 2004) . The main problem is that it turned out that their interaction with the structure of LAGEOS II changes in time due to unpredictable modifications in the physical properties of the LAGEOS II surface (orbital perturbations of radiative origin, e.g. the solar radiation pressure and the Earth albedo) and in the evolution of the spin dynamics of LAGEOS II (orbital perturbations of thermal origin induced by the interaction of the electromagnetic radiation of solar and terrestrial origin with the physical structure of the satellites, in particular with their corner-cube retroreflectors). Moreover, some of such tiny but insidious effects were not entirely modelled in the GEODYN II software at the time of the analysis of (Ciufolini et al 1998) , so that it is not easy to correctly and reliably assess their impact on the total error budget of the measurement performed during that particular time span. According to the evaluations in (Lucchesi 2002) , the systematic error due to the non-gravitational perturbations over a time span of 7 years amounts to almost 28%. However, according to (Ries et al 2003) , their impact on the measurement of the Lense-Thirring effect with the nodes of LAGEOS and LAGEOS II and the perigee of LAGEOS II is, in general, quite difficult to be reliably assessed.
So, by adding quadratically the gravitational and non-gravitational errors of (Lucchesi 2002) we obtain for the systematic uncertainty δµ systematic LT ∼ 30% if we assume a 13% error due to geopotential, and δµ systematic LT ∼ 54% if we assume a 45% error due to geopotential. The sum of the absolute values of the errors due to gepotential added quadratically with the non-gravitational perturbations would yield a total systematic error of δµ systematic LT ∼ 87.6%. It must be noted that the latter estimate is rather similar to those released in (Ries et al 2003) . Moreover, it should be considered that the perigee of LAGEOS II is also sensitive to the eclipses effect on certain non-gravitational perturbations. Such features are, generally, not accounted for in all such estimates. An attempt can be found in (Vespe 1999) in which the impact of the eclipses on the The estimates obtained there are based on levels of accuracy in knowing the non-gravitational forces which do not coincide with those of the force models included in GEODYN when the analysis of (Ciufolini et al 1998) was performed.
effect of the direct solar radiation pressure on the LAGEOS-LAGEOS II Lense-Thirring measurement has been evaluated: it should amount to almost 10% over an observational time span of 4 years.
A LAGEOS-LAGEOS II node-only combination
The recent improvements in the Earth gravity models by CHAMP (Pavlis 2000) and, especially, GRACE (Ries et al 2002) have recently led the author to propose the following alternative combination (Iorio and Morea 2004) 
It allows to cancel out only the errors related to J 2 but it does not encompass the use of the perigee of LAGEOS II; indeed, the nodes of the LAGEOS satellites are rather insensitive to the non-gravitational perturbations. According to the variance matrix of the recently released and preliminary GGM01C Earth gravity model, which combines the first data from GRACE with the TEG-4 Earth gravity model (Tapley et al 2000) , the error due to the even zonal harmonics of geopotential would amount to almost 14%, with a pessimistic upper bound of the order of almost 18% from the sum of the absolute values of the individual terms (Iorio and Morea 2004) .
The need of a tailored mini-model for the low-degree even zonal harmonics of geopotential
One important point to stress is that in the solutions of the various Earth gravity models GTR is assumed to be true, so that the recovered J ℓ , whose uncertainties are of primary importance in reliably assessing the error budget of the performed or proposed LAGEOS-LAGEOS II Lense-Thirring experiments, are biased by this a priori assumption. Then, any claimed measurement of the gravitomagnetic precessions based, among other things, on such recovered values of the even zonal harmonics would lack in full credibility and reliability. It turns out that such sort of Lense-Thirring 'imprint' is concentrated, at least for the LAGEOS satellites, mainly in the first two-three even zonal harmonics (Ciufolini 1996) . This means that, if on the one hand the combination by Ciufolini of eq. (3) is not particularly sensitive to such a systematic bias because it cancels out all the effects of just the first two even zonal harmonics, on the other the combination of eq.(4) would be much exposed to the corrupting impact of the LenseThirring 'imprint' because it is affected also by the mismodelling in J 4 . So, it would be of the utmost importance to disentangle in some way the recovery of, at least, the first two-three even zonal harmonics-which turn out to be also the most effective in corrupting the measurement of the Lense-Thirring effect-from the effects predicted by GTR in order to get Lense-Thirring-free values of such even zonal harmonics to be used in the evaluation of the total error budget of eq.(3) and eq.(4). In the next section we will show how it could be possible to reach this goal.
The strategy of the linear combinations of orbital residuals
In order to determine the even zonal harmonics J ℓ it is convenient to consider the temporal behavior averaged over many orbital revolutions of those Keplerian orbital elements characterizing the orbit of an artificial Earth satellite which, under such condition, undergo secular precessions. They are the longitude of the ascending node Ω, the argument of the perigee ω and the mean anomaly M; for a generic satellite A we will denote any of them as Ψ A . Among them the node Ω is by far the most accurately measurable. On the contrary, as we have previously seen, the perigee ω is affected by a host of non-gravitational perturbations which, in many cases, are difficult to be correctly modelled so that their impact on the recovery of some parameter of interest by means of the perigee cannot often be reliably assessed and evaluated. The same holds also for the mean anomaly M for which the indirect perturbations on the mean motion n induced by the disturbing accelerations affecting the semimajor axis a are to be considered as well.
It is well known that the multipolar expansion of the Earth's geopotential in spherical harmonics (Kaula 1966) leads to classical secular precessions of the node, the perigee and the mean anomaly which are linear in the even zonal harmonics J ℓ ; as we have seen, GTR predicts that additional secular precessions affecting the node and the perigee are also present.
Let us suppose, for the sake of concreteness, that we want to measure two particular even zonal harmonics J ℓ and J ℓ ′ in a Lense-Thirring-free fashionΠ The orbital residuals of a given Keplerian element account for any mismodelled or unmodelled physical phenomenon affecting that element. Just in order to illustrate the method in a concrete way, let us consider the orbital residuals δΨ exp of the ratesΨ for three satellites denoted as + A, B and C and assume that they entirely, or partly, account for one of the three features that we wish to measure separately of each other, i.e. for the relativistic effects or the even zonal harmonic of degree ℓ or that of degree ℓ ′ . In regard to the even zonal harmonics, this means that we are using a somewhat 'truncated' Earth gravity model in the force model routines of the orbital processor; in principle, it would include all the even zonal harmonics except for that one in which we are interested in. In reality, as we will show below, some default values of the same order of magnitude of the expected values for J ℓ and J ℓ ′ must be present in the force Π The same considerations can be extended to the gravitoelctric precession of the perigeeω GE , although, contrary to the Lense-Thirring precessions, such post-Newtonian effect is known to be correctly accounted for by GTR at a 0.1% or better level from, e.g., interplanetary radar-ranging in the gravitational field of the Sun (Pitjeva 2001) . Indeed, the explanation of the anomalous perihelion advance of Mercury was one of the first experimental controls successfully surpassed by GTR. + Of course, it may happen that, e.g., we consider two different Keplerian elements for the same satellite.
models; in fact, we will solve for corrections ∆J ℓ and ∆J ℓ ′ to them. We can write
in which the coefficientsΨ .ℓ are defined aṡ
The coefficientsΨ .ℓ have been explicitly worked out for Ψ ≡ Ω and Ψ ≡ ω from ℓ = 2 to ℓ = 20 (Iorio 2003) ; it turns out that they are functions of the semimajor axis a, the inclination i and the eccentricity e of the considered satellite:Ψ .ℓ =Ψ .ℓ (a, e, i; GM).
The quantities ∆ include all the other classical effects, of gravitational and nongravitational origin, which affect Ψ and which have been included in the routines of the orbital processors with the level of accuracy (or mismodelling, if you prefer) characteristic of their models. If such force models were perfect, such other effects would not affect the residuals δΨ and we would have ∆ = 0. In particular, we can include in them the mismodelled secular precessions induced by the remaining even zonal harmonics of degree other than ℓ or ℓ ′ . The quantity µ GTR is a solved-for least square parameter which accounts for the post-Newtonian effects. It is 0 in classical mechanics and 1 in GTR. We can consider eq.(5) as a non-homogeneous algebraic linear system of three equations in the three unknowns J ℓ , J ℓ ′ and µ GTR . The square matrix of coefficients is represented by
By defining
it is possible to obtain
where
It can be easily recognized that the combination by Ciufolini of eq. (3) is a particular case of eq. (11) and eqs. (16)- (17) in which Ciufolini 1996) .
It is very important to note that eqs. (9)- (10) allow to measure the selected even zonal harmonics J ℓ and J ℓ ′ independently of each other and of the relativistic effects which are a priori assumed to be valid and included in the force models; this assumption for the gravitomagnetic force should remain unjustified at least until an accurate and reliable independent measurement of it will be carried out. In fact, in regard to the measurement of J ℓ and J ℓ ′ , it must emphasized that the scheme previously outlined has an illustrative purpose but, in practice, it could not work because if the even zonal of interest had been entirely switched off in the background gravitational model the residuals would amount very rapidly to kilometers, especially for the low degree even zonal harmonics like J 2 and J 4 , and the proposed method would be of no utility. In reality, what would be done is that the even zonal coefficient which we are interested in would be considered as
The quantity J (0) ℓ is a reference value to be included in the adopted background gravity model: it could be just the value released by the model itself or a figure of the same order of magnitude in order to obtain reasonable residuals. The correction ∆J ℓ is the quantity which would be effectively recovered with eqs.(9)-(10) and whose error is denoted by δJ ℓ . It can be assumed as error in the recovered value of J ℓ according to eq.(18).
The approach explained here can be generalized to an arbitrary, in principle, number of Keplerian elements of different satellites. As in the case of the LAGEOS-LAGEOS II Lense-Thirring experiment, time series many years long of as more accurate as possible tracking data must be used in order to get high accuracy, so that, in practice, only a restricted class of satellites could be used. E.g., the GPS and GLONASS satellites are changing their orbits almost continuously (several times a day) with maneuvers, to keep them in the proper navigationally speaking orbits, so that they are totally unsuited for such work. Moreover, the quality of the entire force models acting upon such satellites is very questionable, as well. The best candidates are the laser-tracked geodynamics satellites of LAGEOS type.
A possible measurement of the first three even zonal harmonics
In the case of the measurement of the Lense-Thirring effect, it would be extremely useful to have a simultaneous determination of the gravitomagnetic signal and of the first two or three even zonal harmonics of geopotential which are those mainly affected by the 'imprint' of the Lense-Thirring signature and which play a very important role in the total error budget of the observables of eq.(3) and eq.(4).
To this aim let us consider three four-elements combinations in which
In Table 6 the orbital parameters of the LAGEOS satellites and of Ajisai are reported. The values of the even zonals of interest can be obtained by analyzing the time series of the orbital residuals of the proposed combinations over a sufficiently long time interval, measuring the slopes of the expected linear trends and dividing them by the denominators of eqs.(9)-(10). As in the case of the measurement of the LenseThirring trend by means of the LAGEOS satellites, the main source of systematic error is represented by the mismodelling in the other even zonal harmonics J 8 , J 10 ,...included in the force models of the orbital processors. In order to calculate their impact on the proposed determination of ∆J 2 , ∆J 4 and ∆J 6 we have used the variance matrix of the GGM01S Earth gravity model * assumed as reference model. A very pessimistic, upper bound of the systematic error due to the higher degree even zonal harmonics, obtained by simply adding the absolute values of the individual terms, has been considered, although a Root-Sum-Square calculation should be adequate as well in view of the fact that in GGM01S the recovered values of all the even zonal harmonic coefficients are almost uncorrelated♯. The results are in Table 2 . Note that inω
LAGEOS II GTR
also the gravitoelectric advance has been included, so that neither the 'imprint' of such effect has to be considered in the obtainable values of the even zonal harmonics of interest. It must be emphasized that the estimates of the errors in ∆J 2 , ∆J 4 and ∆J 6 will further ameliorate because it is expected that the new more robust and confident gravity model solutions, which would be adopted as reference models, should improve just the other even zonal harmonics of higher degree. The adopted combinations allow to strongly constrain the experimental error thanks to the high accuracy in tracking Ajisai and, . Note that, in this case, {c 1 , c 2 , c 3 } denotes generically the three sets of coefficients of the three different combinations and does not refer to the combination by means of which the Lense-Thirring effect could be determined, according to the notation of eq.(11). The values of ∆J 2 , ∆J 4 and ∆J 6 can be obtained by dividing the measured slopes of the linear trends with which the time series are to be fitted by the quantities X. The quoted systematic errors δJ ℓ | zonals in ∆J 2 , ∆J 4 and ∆J 6 due to the other even zonal harmonics J 8 , J 10 ,... has been calculated by using the variance matrix of the GGM01S Earth gravity model and summing up the absolute values of the individual errors. Note that, in principle, a fourth combination could be used for determining the Lense-Thirring itself as well. However, for such task it would not be suited and the combinations of eq.(3) and eq. (4) especially, the LAGEOS satellites. The estimates in the seventh row of Table 2 for δJ ℓ | exp have been obtained by assuming, in a rather conservative way, a rms error δr exp of 1 cm and 10 cm for the LAGEOS satellites and Ajisai, respectively over a time span of, say, one year and by considering that for the perigee the observable quantity is r = eaω. It is interesting to note that the proposed determination of ∆J 4 and ∆J 6 would not be biased by a number of effects which, on the contrary, should be considered for ∆J 2 . Among them there is the semisecular harmonic perturbation induced by the 18.6-year tide because its major power is concentrated just in the ℓ = 2 m = 0 constituent. Consequently, it would affect, in principle, the recovery of ∆J 2 . According to recent estimates of the amplitudes of the perturbations induced by it on the nodes of the LAGEOS satellites and the perigee of LAGEOS II and of the level of misomodelling in the k 2 Love number (1.5%) in terms of which they are expressed (Iorio 2001b) , the 18.6-year tide should have an impact on the measurement of ∆J 2 of the order of 10
over one year. However, it might be a rather pessimistic estimate. Indeed, the 18.6-year tide has been fully resolved thanks to very long time series of data from LAGEOS and Starlette (Eanes and Bettadpur 1996) , so that the corresponding fitted and recovered harmonic perturbation is available and could be inserted in the force models † †. Finally, the impact of the secular variations of the even zonal harmonics should be considered. It † † Note that there is no 'imprint' on such recovered harmonic due to the value of J 2 of the reference Earth gravity model used in that analysis because in the LAGEOS and Starlette adopted records it has described more than a full cycle.
turns out that they can be accounted for by an effective time rate (Eanes and Bettadpur 1996)J eff 2 ∼J 2 + 0.371J 4 + 0.079J 6 + 0.006J 8 − 0.003J 10 ...
whose magnitude is of the order of (−2.6 ± 0.3) × 10 −11 yr −1 . The error induced in the combination for J 2 amounts to 6×10 −9 deg day −1 over one year leading to a relative error of 1.5880 × 10 −12 over one year. The impact of the mismodelling inJ eff 2 has been evaluated, in a conservative way, by doubling the difference between the maximum and minimum values of the adjustedJ eff 2 for the longest arcs of Table 1 in (Deleflie et al 2003) , according to an approach followed in (Lucchesi 2003b) .
In regard to other sources of systematic errors, it is important to notice that the impact of the non-gravitational perturbations affecting especially the perigee of LAGEOS II should be reduced by the fact that the coefficients c 3 with which it enters the three combinations are all of the order of 10 −2 . In order to get an-order-of-magnitude estimate, some authors claim that the non-gravitational perturbations affecting the perigee of LAGEOS II could have an impact on the Lense-Thirring measurement by means of eq.(3) of the order of 100%, i.e. almost 60 mas yr −1 . If so, the bias induced on our proposed estimation of ∆J 2 , ∆J 4 and ∆J 6 would be of the order of 10 −13 over a time span of, say, one year.
Moreover, contrary to the LAGEOS-LAGEOS II Lense-Thirring experiment, extremely long observational time spans would not be needed because, in this case, the slopes of the linear trends to be measured are very large; moreover, the time-dependent perturbations of gravitational and non-gravitational origin affecting the nodes of the LAGEOS satellites and of Ajisai have periods relatively short, while the perigee of LAGEOS II is weighted by the small coefficients {c 3 }.
The impact on the measurement of the Lense-Thirring effect
From Table 3 it can be noted that the method illustrated in this paper could yield to results of the same order of magnitude or even better than those from the global Earth gravity models. For EIGEN2 see (Reigber et al 2003) . Moreover, it must be emphasized that in the latter ones the trend is toward a steeper improvement of the even zonal harmonics of higher degree, while for our purposes it would be better that just the first low-degree even zonal harmonics are more accurately determined. The approach presented here would satisfy this need well. By assuming that our method does work in recovering J 2 , J 4 and J 6 with the accuracy of Table 3, let us see what could be the consequent improvements in the measurement of the Lense-Thirring effect with various observables generically denoted with O. They could be, e.g., the node only of a LAGEOS satellite or some combinations of the perigee of LAGEOS II and/or of the nodes of other satellites. The systematic error due to the even zonal harmonics of Table 3 . Comparison between the accuracies of the estimation of ∆J 2 , ∆J 4 and ∆J 6 in the EGM96, EIGEN2 and GGM01S Earth gravity models and in the method illustrated in this study. In regard to the latter one, the systematic errors due to the mismodelling in the other even zonal harmonics calculated with GGM01S are presented. Recall that the values from EGM96, EIGEN2 and GGM01S are biased by the 'imprint' of the Lense-Thirring effect.
EGM96
EIGEN2 GGM01S This study δJ 2 7.9627 × 10 Table 4 . Gravitational percent systematic error in the measurement of the LenseThirring effect by means of different linear combinations of orbital residuals. Eq. (21) has been used. The errors in J 2 , J 4 and J 6 are assumed to be those of 
The results are presented in Table 4 . It can be seen, at a first glance, that the possibility of using only one node of LAGEOS or LAGEOS II-or a suitable combination of bothseems to be less unpracticable than it was before. It must be pointed out that for the single LAGEOS or LAGEOS II elements the accuracy in knowing J 2 is of crucial importance, so that the results of Table 4 for them might be underestimated. Indeed, they are based on the figures of Table 2 which, at least for δJ 2 , could be optimistic. This is not so for the combinations of eq.(3) and eq.(4) which are not affected by the first even zonal harmonic. However, note that, in regard to the single orbital elements, the impact of the mismodelling in the secular variations of the even zonal harmonics must be considered as well. The results for LAGEOS and LAGEOS II are shown in Table  5 . It shows that such an effect cannot be neglected at all in a possible Lense-Thirring measurement over a time span of some years. 6. The opportunity of using the radar altimeter Jason-1 satellite
The strategy presented in the previous section is aimed to improve the knowledge of some selected even zonal harmonic coefficients of Earth geopotential which more severly affect the systematic error of gravitational origin in the performed or proposed GTR tests with the existing SLR satellites of LAGEOS type. Due to the fact that, with LAGEOS and LAGEOS II only, a very limited number of orbital elements would be at our disposal and, then, only a few even zonal harmonics could be cancelled out with the combinations of eq.(3) and eq.(4), a better accuracy in knowing the rest of the even zonal spectrum of geopotential is definitely in order.
A different approach could be followed by exploring the possibility of using the orbital data of some other existing Earth artificial satellite. The use of the nodes of the other existing spherical geodetic SLR satellites of LAGEOS type would be, in principle, very appealing because of the high accuracy with which it is possible to determine their orbits. It is so also thanks to their relatively high altitude (with respect to other satellites used for different purposes), small area-to-mass S/M ratio and spherical shape, which reduces the impact of the non-gravitational perturbations. However, this possibility has recently been investigated in a quantitative manner in (Iorio 2002; Iorio and Morea 2004) ; unfortunately, it turned out that, with the present level of knowledge of the Earth gravitational field, multisatellite linear combinations involving the nodes of SLR targets other than LAGEOS and LAGEOS II would not be competitive with eq.(3) and eq.(4).
A recent, important achievement in orbit determination regards Jason-1. It is a radar altimeter satellite, launched on December 7, 2001, as a follow-on to the very successful TOPEX/Poseidon mission which was launched in 1992. The satellite carries state-of-the-art hardware for the three most accurate tracking systems available: SLR, DORIS and GPS. In addition, its radar altimeter measurements over the oceans can be used for either independent orbit validation, or as additional tracking data. In (Luthcke et al 2003) it has been shown that it is possible to reach the 1-cm level in determining its orbit (in the radial direction) by using this dense coverage of precise tracking data. This is a very important result, because the orbital parameters of Jason-1 make it suitable to be used, in principle, for the purpose of an accurate and reliable measurement of the Lense-Thirring effect, provided that accurate force models are available for a dynamic orbit determination. Indeed, the Jason-1 orbit parameters are rather similar to those of the geodetic Ajisai satellite. One could argue that TOPEX/Poseidon, with the same orbital parameters as Jason-1, a smaller area-to-mass ratio and a 12-year (and counting) lifetime, would be the more suitable satellite. However, TOPEX/Poseidon also has a more irregular attitude and solar array behavior, a more complex shape and less precise tracking instrumentation. Its RMS radial orbit accuracy is estimated at 2.8 cm (Tapley et al 1996) . In Table 6 the orbital parameters of the LAGEOS satellites and of Ajisai and Jason-1 are reported.
The following combination
could be used in order to cancel the effect of the first three even zonal harmonics J 2 , J 4 and J 6 . According to GGM01S, the systematic error induced by the remaining uncancelled even zonal harmonics of geopotential amounts to 2.6% only, with an upper bound of 5.8%. It must be noted that, contrary to the combination which can be obtained with the nodes of Stella and Starlette instead of that of Jason-1, a calculation up to degree ℓ = 20 is quite adequate to assess the error due to geopotential. It is so thanks to the higher altitude of Jason-1 with respect to Stella (a Stl = 7193 km) and Starlette (a Str = 7331 km). As for all the other examined combinations, the secular variations of the even zonal harmonicsJ ℓ do not affect eq.(22) because they can be accounted for byJ eff 2 . Also the problem of the Lense-Thirring 'imprint' is greatly reduced because J 6 is cancelled as well.
The combination of eq. (22) would not be affected by harmonic perturbations of tidal origin with large amplitudes and particularly long periods. Indeed, the tidal perturbation induced by the tesseral (m = 1) K 1 tide, which is one of the most powerful tidal constituents in affecting the orbits of Earth satellites (Iorio 2001b) , has its period equal to that of the satellite's node; it amounts to -0.47, -0.32, -1.55 and 2.84 years for Jason-1, Ajisai, LAGEOS II and LAGEOS, respectively. This means that a relatively short observational time span could be adopted in order to have it longer than the periods of the most effective perturbations which could then be fitted and removed from the time series (Iorio and Pavlis 2001; Pavlis and Iorio 2002) . Even an observational time span shorter than the periods of the K 1 tidal perturbations should not pose severe problems. Indeed, by accurately knowing the nodes at the starting epoch of the analysis it would be possible to fit and remove the unwanted tidal signals, which would resemble superimposed almost linear signals, without removing the genuine secular gravitomagnetic trend as well.
Special care should be taken in handling the orbital manoeuvre burns of Jason-1, which are designed to counteract the drifting of the orbit and keep it on its repeating ground-track, as well as the infrequent safe-mode periods, which also complicate the dynamic modelling. These events do not prevent us from measuring any long-term drifts in the node however, as long as the orbital arcs are designed to start after and stop just before these instances. Because the manoeuvres are mostly performed in pairs, approximately one hour apart, and the two safe-mode periods up to now have lasted several days, they would however introduce uncertainties when fitting for long-period signals.
A very important role is played by the small values of the coefficients k 2 and k 3 with which the nodes of Ajisai and Jason-1 enter the combination of eq.(22). Indeed, they greatly reduce the impact of the non-gravitational perturbations of the nodes of Ajisai (Sengoku et al 1995; 1997) and Jason-1 on the proposed measurement. The small magnitude of k 3 would assure that the impact of orbit determination errors of Jason-1 would affect the proposed measurement of the Lense-Thirring effect to a low level.
The complex shape, varying attitude modes and the relatively high area-to-mass ratio of the satellite (see table 6), suggest a complex modelling and high sensitivity to the non-gravitational accelerations. On the other hand, important limiting factors in the non-gravitational force modelling of the spherical satellites are attitude and temperature knowledge (Lucchesi 2001) . These parameters are actually very welldefined and accurately measured (Marshall et al 1995) on satellites such as Jason-1. A lot of effort has already been put into the modelling of non-gravitational accelerations for TOPEX/Poseidon (Antreasian and Rosborough, 1992; Marshall and Luthcke 1994; Kubitschek and Born 2001) , so that similar models (Berthias et al 2002) have been routinely implemented for Jason-1. These so-called box-wing models, in which the satellite is represented by eight flat panels, were developed for adequate accuracy while requiring minimal computational resources. A recent development is the work on much more detailed models of satellite geometry, surface properties, eclipse conditions and the Earth's radiation pressure environment for use in orbit processing software (Doornbos et al 2002; Ziebart et al 2003) . It should be noted that such detailed models
were not yet adopted in the orbit analyses of (Luthcke et al 2003) . In fact, their results were based on the estimation of many empirical 1-cpr along-track and crosstrack acceleration parameters, which absorb all the mismodelled/unmodelled physical effects, of gravitational and non-gravitational origin, which induce secular and longperiod changes in the orbital elements. Due to the power of this reduced-dynamic technique, based on the dense tracking data, further improvements in the force models become largely irrelevant for the accuracy of the final orbit. Such improved models remain, however, of the highest importance for the determination of δΩ Jason−1 . Regarding the impact of the non-gravitational accelerations, the Gaussian perturbative equation for the nodal rate is dΩ dt
where A N is the out-of-plane component of the perturbing acceleration and u = ω + f is the satellite's argument of latitude. From eq.(23) it can be noted that, since we are interested in the effects averaged over one orbital revolution, the impact of every acceleration constant over such a timescale would be averaged out. The major problems come from 1-cpr out-of-plane accelerations of the form A N = S N sin u + C N cos u, with S N and C N constant over one orbital revolution. We have analyzed both the output of the non-gravitational force models described in (Berthias et al 2002) and the resulting residual empirical 1-cpr accelerations estimated from DORIS and SLR tracking over 24-hour intervals. Solar radiation pressure, plotted in figure 3, is by far the largest out-of-plane non-gravitational acceleration, with a maximum amplitude of 147 nm s −2 . It is followed by Earth radiation pressure at approximately 7 nm s −2 . The contributions of aerodynamic drag and the thermal imbalance force on the cross-track component are both estimated to have a maximum of approximately 0.5 nm s −2 . As can be seen in figure 3 , the cross-track solar radiation pressure acceleration shows a sinusoidal longterm behaviour, crossing zero when the Sun-satellite vector is in the orbital plane, roughly every 60 days. It is modulated by the long-term seasonal variations in SunEarth geometry, as well as by eclipses and the changing satellite frontal area, both of which are contributing 1-cpr variations. In fact, the shading of certain areas in figure 3 is due to the effect of the eclipses, which, at once-per-orbit, occur much more frequently than can be resolved in this figure.
As mentioned before, the empirical 1-cpr accelerations absorb the errors of almost all the unmodelled or mismodelled forces. Now note the systematic way in figure 3 , in which the empirical 1-cpr cross-track acceleration drops to values of below 1 nm s −2 near the end of each eclipse-free period, and has its maximum level of 5-6 nm s −2 only during periods containing eclipses. The fact that the amplitude, but also the phasing (not shown in the figure) of the 1-cpr accelerations shows a correlation with the orientation of the orbital plane with respect to the Sun, indicates that it is for a large part absorbing mismodelled radiation pressure accelerations.
By averaging eq.(23) over one orbital revolution and from the orbital parameters of Table 6 it turns out that a 1-cpr cross-track acceleration would induce a secular rate on the node of Jason proportional to 7.6 × 10 −5 s m −1 × S N m s −2 . This figure must be multiplied by the combination coefficient k 3 . By using the average value of the empirical 1-cpr acceleration from the above analysis S N ≈ 2.3 nm s −2 as an estimate for the mismodelled non-gravitational forces, it can be argued that the impact on k 3 δΩ Jason−1 would amount to 77.4 mas yr −1 . However, it must be pointed out that our assumed value of S N can be improved by adopting the aforementioned more detailed force models or by tuning the radiation pressure models using tracking data. In addition, it must be pointed out that S N experiences long-term variations mainly induced by the orientation of the orbital plane with respect to the Sun, and the related variations in satellite attitude. For Jason-1 such a periodicity amounts to approximately 120 days (the β ′ cycle). Let us, now, evaluate what would be the impact of such a long-periodic perturbation on our proposed measurement of the Lense-Thirring effect. Let us write, e.g., a sinusoidal law for the long-periodic component of the weighted nodal rate of Jason-1
then, if we integrate eq.(24) over a certain time span T obs we get
(77.4 mas yr −1 ) × sin 2π
Then, the amplitude of the shift due to the weighted node of Jason-1, by assuming P β ′ ∼ = 120 days, would amount to k 3 ∆Ω ≤ 4 mas.
The maximum value would be obtained for 
So, the impact on the proposed measurement of the Lense-Thirring effect would amount to δµ LT µ LT SRP ≤ (4 mas) (49.5 mas yr −1 ) × (T obs yr) ;
for, say, T obs = 2 years eq.(28) yields an upper bound of 4%. Moreover, it must also be noted that it would be possible to fit and remove such long-periodic signals from the time series provided that an observational time span longer than the period of the perturbation is adopted, as done in (Ciufolini et al 1998) .
Conclusions
In this Chapter two different approaches for reducing the impact of the systematic error of gravitational origin in the measurement of the general relativistic Lense-Thirring effect with some existing Earth artificial satellites have been proposed.
• We have outlined a possible strategy in order to obtain better estimations of the first three even zonal harmonic coefficients of the multipolar expansion of the terrestrial gravitational potential in such a way that their recovered values are independent of each other and of the Lense-Thirring signature itself. This does not happen in the various present and past global Earth gravity models. The proposed method consists of the analysis of the time series of suitable combinations of the orbital residuals of the nodes of LAGEOS, LAGEOS II and Ajisai and the perigee of LAGEOS II by assuming that the considered even zonal harmonics are fixed by a reference figure J (0) ℓ in the force models of the orbital processors to be used. The values of the corrections ∆J ℓ to J (0) ℓ for the zonals of interest can be obtained by fitting with linear trends the time series, calculating their slopes and dividing them by certain quantities. The expected accuracies, obtained by using the very preliminary GGM01S Earth gravity model as reference model for the other even zonal harmonics to be included in the force models, should be better than those obtained from various present-day global Earth gravity models, GGM01S itself included. The treatment of J 2 would require a particular care because the combination proposed for measuring it is affected by a larger number of uncancelled effects than it happens for J 4 and J 6 . This fact may limit the obtainable precision in J 2 . However, the observables with which the Lense-Thirring effect would be measured are insensitive just to J 2 , unless one thinks about the possibility of analyzing the single orbital elements of the LAGEOS satellites. But this approach seems to be unsuitable due to mismodelling in the secular variations of the even zonal harmonics δJ ℓ . The use of the values of J 4 and J 6 in the assessment of the error budget of the measurement of the Lense-Thirring effect, with the accuracies estimated here, would allow to get a systematic error due to the even zonal harmonics of geopotential, calculated in a conservative way, less than 10% if the LAGEOS satellites only have to be used. The new, forthcoming more robust and reliable Earth gravity models from CHAMP and, especially, GRACE should allow to further improve the precision obtainable with the method outlined here
• Another approach could consist in using the present (and future) Earth gravity field solutions as they stand and adopting a suitable combination of the nodes of the LAGEOS satellites, Ajisai and the radar altimeter Jason-1 satellite as observable for measuring the Lense-Thirring effect. It would allow to cancel out the first three even zonal harmonics. Then, the systematic gravitational error in the proposed combination could be reduced to a few percent level (2-3%), according to the present-day GGM01S Earth gravity model, and probably below the one percent level with the future GRACE solutions. However, in this case, a careful modelling of the non-gravitational perturbations acting on Jason-1 and the choice of the optimum time span for the data analysis in order to reduce their impact on the proposed measurement would be of the utmost importance. Also the orbital maneuvers would be very important in determining a suitable observational time interval .
In this Chapter we have shown how fertile and fruitful the interplay between space geodesy, Earth monitoring and relativistic physics could reciprocally be.
